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GraphBLAS	–	ILU0	(MPI	+	OmpSs)	
Introduction	
The solution of linear systems of equations is a ubiquitous linear algebra problem arising in 
many scientific and engineering computing applications. In most of these cases, the 
coefficient matrix of the system is large and sparse (i.e., a majority of the entries are zeros, 
and the nonzero pattern presents an irregular distribution). In this scenario, iterative 
methods, enhanced with some sort of preconditioner to accelerate the convergence of the 
solver, are often especially effective. For symmetric positive definite (s.p.d.) systems, the 
preconditioned Conjugate Gradient (PCG) method, accelerated with a simple preconditioner 
based on an incomplete LU (ILU) factorization, is an iterative solver with a wide spectrum of 
applicability. ILU0 is a specialized yet simpler ILU-type preconditioner that enforces the same 
sparsity pattern in the triangular factors as that present in the coefficient matrix of the system. 
Figure 1 illustrates a simplified version of the PCG solver underlying ILUPACK. The most 
challenging operations in this algorithm are the computation of the preconditioner (S1), 
before the iteration commences, and its application at each iteration (S9). The remaining 
computations are basic linear algebra operations.  

 
Figure 1: Algorithmic formulation of the PCG method. Here, Ƭmax is an upper bound on the relative 
residual for the computed approximation to the solution.  

Exploiting the relationship between sparse matrices and adjacency graphs, nested dissection 
can be recursively applied to permute a sparse matrix, yielding a collection of diagonal 
blocks that are linked to certain subgraphs and separators. Moreover, the hierarchy of 
subgraphs and separators fixes the order in which the diagonal blocks have to be factorized. 
This process renders a Task Dependency Graph (TDG) with the structure of a tree, where 
the subgraphs occupy the leaves and the separators correspond to the internal nodes. 

In order to improve the concurrency of the computation of the preconditioner, the permuted 
matrix can be disassembled into one submatrix per leaf of the TDG. Thus, the factorizations 
of the leading blocks of these submatrices can proceed in parallel, while the non-leaf blocks 
are needed to solve the dependencies of the ancestor tasks. This process continues 
traversing the dependency tree, until the root task factorizes its local submatrix. 

The application of the preconditioner requires the solution of two triangular systems, 
corresponding to the lower and the upper incomplete triangular factors. The TDG for the 
former triangular system presents the same structure and dependencies as that associated 
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with the computation of the preconditioner. In the latter triangular solve, the structure is 
preserved but dependencies are reversed, pointing top-down from the root to the leaves. 
Therefore, concurrency increases/decreases as we move towards/away from the leaves. 

In the other kernels of the PCG, the matrix is also disassembled and the vectors are 
partitioned in a conformal manner. With this formulation all these computations only involve 
the leaves of the TDG and, therefore, can be computed fully in parallel, except for the dot 
products, which require an atomic addition (reduction) of the values locally computed in each 
leaf. 

Motivation	
The combination of MPI + OmpSs permits parallel execution on a cluster of multicore 
processors. It also allows us to exploit the characteristics of OmpSs to employ task-
parallelism within the nodes and benefit from the true asynchronous execution in the 
operations. Therefore, we hope to achieve better scalability by using a hybrid parallelization 
approach, because it will minimize the communication needs and will improve the load 
balancing capabilities. 

Implementation	details	and	performance	results	
The MPI + OmpSs version requires an initialization where the root process distributes the 
data corresponding to (the leaves of) the subtrees among the MPI ranks. The MPI + OmpSs 
version of ILU0 is then divided into a sequence of interleaved OmpSs and MPI stages, with 
the former ones computing the tasks internal to the subtrees local to the MPI ranks, and the 
latter requiring communication between MPI ranks. In particular, the computation of the 
preconditioner comprises only one stage of each type, but its application in the loop body of 
PCG has two OmpSs stages per iteration because the TDG is traversed twice. Figure 2 
illustrates the initial distribution for a TDG with 8 leaves, together with a scheme of the 
execution of the two stages in the preconditioner computation. In that example, the OmpSs 
threads process the tasks within the bottom two levels, with no MPI communication involved. 
For the top two levels, the OmpSs threads remain inactive and it is the MPI ranks that are in 
charge of processing the tasks. The dot operations also exhibit the same two stages: On the 
leaves, the OmpSs threads accumulate their local subvectors, and an atomic reduction is 
then applied to compute the reduction inside each MPI rank. These local values are then 
reduced using an MPI collective primitive. The remaining vector computations of the PCG 
iteration operate in the bottom level only and, therefore, are computed by OmpSs threads 
with no MPI communication involved. 

 
Figure 2: Mapping of a TDG to 4 MPI ranks (R0-R3) with 2 OmpSs threads per rank. 
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For the performance analysis, the experiments were performed using the IEEE754 double-
precision arithmetic on MareNostrum. In the following we analyse the performance of two 
parallel versions of the PCG+ILU0 solver: one based on MPI that can handle several leaves 
per MPI rank (hereafter, referred to as MPI-only); and an alternative variant that combines 
MPI + OmpSs, also capable of processing several leaves per MPI rank, but which do so via 
OmpSs  threads internally to each node.  

The MPI + OmpSs code was compiled using Mercurium C/C++ (2.0), with OpenMPI 1.8.1. 
The MPI-only variant was compiled with the same version of OpenMPI. Other software 
included OmpSs (16.06), and ParMetis (4.0.2) for the graph reorderings. In the executions 
with the MPI-only version, we spawned one MPI rank per core (i.e., 16 per node). For MPI + 
OmpSs, we tested distinct combinations of MPI ranks and OmpSs threads, with the numbers 
of ranks multiplied by the number of threads always being equal to 16 per node. 
 
Several preliminary experiments revealed that, in general, the best performance was 
obtained when the TDG contains a number of leaves that equals or doubles the number of 
cores. Therefore, for simplicity, in the following we analyze only these two cases. In order to 
assess the performance of the parallel MPI + OmpSs version of PCG+ILU0, we also 
evaluated different combinations of MPI ranks and OmpSs threads per node (configurations). 
These experiments revealed that, for almost all cases, the best option employs two MPI 
ranks per node with 8 OmpSs threads per rank. In the following experiments, we will adopt 
this distribution, which mimics the internal socket/core architecture of the servers. 

Strong Scalability: We first evaluate the strong scalability of the parallel solvers. Figure 3 
shows the execution time per iteration, using one and two leaves per core, of the two 
versions of the PCG solve for the A400 problem as the resources are increased from 16 
cores/ 1 node to 256 cores/ 16 nodes. In general, as expected, there is a decrease in the 
iteration time as the number of cores grows. 

 
Figure 3: Execution time per PCG iteration for the Laplace A400 problem for different configurations, 
using 1 leaf per core (left) and 2 leaves per core (right), in MPI + OmpSs. 

If we compare the implementations, the results demonstrate that the MPI + OmpSs variant 
consistently outperform the MPI version (with no underlying OmpSs runtime system), by a 
margin that is around 5-10%. Moreover, there is a slight difference between the cases with 
one or two leaves per core that is enlarged with the number of cores, revealing the TDG with 
one leaf per core as the best choice for 32 or more cores. The reason is that, as the amount 
of computational resources grows, the additional concurrency explicitly exposed by further 
splitting the computational load (sparse matrix/adjacency graph) does not compensate the 
overhead that is introduced for this particular (moderate) problem dimension. 
Weak Scalability: The next experiment aims to provide an evaluation of weak scaling for the 
parallel solver. Unfortunately, for the PCG + ILU0 solver it is not possible to generate an 
instance of the Laplace problem with a computational complexity that grows exactly in 
proportion to the number of resources. To approximate this scenario, we set the number of 
non-zeros of the sparse matrix (nz) to be roughly proportional to the number of cores.  
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However, we emphasize that nz only offers an estimation of the computational cost, as other 
factors such as the fill-in/quality of the preconditioner may play a relevant role. 

Figure 4 reports the performance of the parallel implementations of the PCG + ILU0 solver 
(per iteration) for the different matrices. These results show that the execution times grow 
with the number of cores/problem dimension. The reason is that the number of actual 
floating-point arithmetic operations per iteration increases faster than the number of non-
zeros. 

 
Figure 4: Execution time per PCG iteration for the Laplace A400 problem for different configurations, 
using 1 leaf per core (left) and 2 leaves per core (right), in MPI + OmpSs. 

Comparing the two implementations, the MPI + OmpSs version outperforms the MPI variant; 
and the difference between the cases with one or two leaves per core also grows with the 
number of cores. 


